
1.1. Basic concepts of the theory of complex variable quantity functions applicable in 

economy 

 

     Few economists are familiar with the properties of complex variables and the basic rules for 

dealing with them. This is explained by the fact that complex variables have not been used as 

independent variables in economic and mathematical modeling until recently, although actions 

with them make it possible to form original economic and mathematical models 

     In order for an economist who is not familiar with the theory of a complex variable function 

(TCVF)  to be able to understand all the subsequent constructions of this monograph, this section 

sets out the basic concepts of the (TCVF) 

     Those readers who are familiar with the theory of functions of a complex variable, can leave 

this paragraph out. 

     And this theory began in 1572 in the small Italian town of Kura. It was in this place and 

precisely in this year that the manuscript of the Italian mathematician Raphael Bombelli, who 

died in the same year, was published. The book was called Algebra. In it, in particular, Raphael 

Bombelli showed how to solve the cubic equation  
3 15 4x x= +  (1.1.1) 

     The root of cubic equations at that time was found using the formula of Scipione del Ferro. 

With regard to the task at hand, finding the root should have been carried out as follows: 
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( ) ( ) ( ) ( ) 2 121 2 121
2 2 3 2 2 3

x = + − + − − = + − + − −  

   (1.1.2) 

     As can be seen, square roots are used in this formula, and it follows from the right side of this 

equality that to calculate the roots of equation (1.1), it is necessary to extract the square root from 

the number (-121). This means that it will not be possible to find a solution to this equation. 

 This does not mean at all that equation (1.1) has no solution. If you depict the problem on a 

plane, then you can easily make sure that there is a solution. But it is impossible to find it 

arithmetically using the Scipione del Ferro formula, and precisely because there is a negative 

number in the radicand expression on the right side (1.2), and the square root of a negative 

number, as anyone knows from the school curriculum, does not exist. 

     The mathematicians of that time struggled to solve this problem, but could not come up with 

anything. And Rafael Bombelli suggested not to pay attention to the minus sign in the radical 



expression (Bombelli, 12). After all, the number (-121) can be represented as the product of two 

numbers: (-1 * 121). Then the square root of this number can be written as. 

     That is, formula (1.2) will take the form: 

 
3 32 11 1 2 11 1x = + − + − − .   (1.1.3) 

     Now one can get the solution of the problem, and the root of the cubic equation x = 4. 

     For a long time, Bombelli's approach was considered by scientists as a convenient 

mathematical trick. And the square root of minus one was called differently, as: "magic unit", 

"vanishing unit", etc.  Finally, the following name was established with respect to it: " an 

imaginary unit". And numbers that, in addition to the real one, also have an imaginary 

component, began to be called "complex" numbers, that is, complex ones. 

     A complex number, as can be seen, is a numeric pair consisting of two parts - real and 

imaginary: 

       ,   (1.1.4) 

where x is the real part of a complex number, 

      iy -  is the imaginary part of a complex number, 

      x and y are real numbers, 

      i - is an imaginary unit that satisfies the equality: 

   или . (1.1.5) 

       With complex numbers one can perform almost all the same actions as with real numbers. 

But taking into account the character of the of the imaginary unit properties, these actions have 

an original character, often not inherent in operations in the domain of real numbers. 

      The main problem that the economist faces when presenting some economic indicator in the 

form a complex number is the complexity of the economic interpretation of the imaginary part. 

The main question in this case can be formulated something like this: in real economic life where 

can imaginary numbers be met in general, and an imaginary unit, in particular? And what is the 

meaning of an imaginary unit? 

     The imaginary unit has no meaning - neither economic nor physical. The imaginary unit is a 

mathematical rule, and that is all. Where in real economic life an economist meets, for example, 

a decimal logarithm? Nowhere! In the world around us there is neither a decimal logarithm, nor 

Z x iy= +

1i = −
2 1i = −



any other logarithms. The decimal (or any other) logarithm is a mathematical rule with which it 

turned out to be very convenient to solve applied problems, including in economy. In the same 

way, with the help of an imaginary unit, which, as it has already been mentioned, can be 

regarded as a mathematical rule, it turned out to be very convenient to solve a whole class of 

applied problems in different areas of human activity. 

     With the help of the rules specified by conditions (1.4) and (1.5), it becomes possible to use 

new mathematical operations, obtain new mathematical results, and form new mathematical 

models. It should be pointed out right away that in none of the areas of natural science there are 

processes in which imaginary numbers or an imaginary unit appear. 

Imaginary and complex numbers are a mathematical model that may either describe or not 

describe some real-life phenomena. If scientists make up their minds to use complex variables 

for real processes modelling, they predetermine the rules, according to which one component of 

a complex process is always attributed to the real part, and another component to the imaginary 

part of the complex variable. 

     In the same way, there are no phenomena in economics that, in their essence, should be 

attributed to the real or imaginary parts of a complex variable, just as there are no phenomena in 

which the real and imaginary parts are clearly distinguished. We, like scientists in other fields of 

science, will set the rules according to which it becomes possible to  represent economic 

phenomena in the form of complex numbers and complex variables. And in the case when such a 

representation of a complex economic object allows a more accurate description of its properties, 

we will use models of a complex variable or models of several complex variables instead of real 

variables models. 

     It is known that a real number represents a certain segment on the numerical axis, which has a 

zero point and tends to plus infinity or minus infinity. This real number is characterized by the 

distance from the zero point to the number. If a number is located on the numerical axis to the 

left of the zero point, then it will be negative, and if it is located on the numerical axis to the right 

of the zero point, then it will be positive 

     Since, unlike a real variable, a complex variable consists of two parts, these are those two 

parts that determine the complex plane. A complex number is a point on the complex plane (Fig. 

1.1). In order to determine unequivocally a given point on the complex plane, it is necessary to 

use two coordinates - a segment on the axis of the real part and a segment on the axis of the 

imaginary part. 



      shows these two axes, which by definition are orthogonal. Let us make a reservation right 

away that we have before us the plane of the Cartesian coordinate system, on the axes of which 

real numbers x and y are plotted. Simply, the real part of the complex variable will be plotted 

along the horizontal axis, and its imaginary part along the vertical axis 

 

   

 

 

 

  

 

 

Figure.1.1.  Complex number on the complex plane 

     Any point lying on the complex plane defined by the indicated axes is a complex number, 

even if this point lies on the axis of real numbers. 

In this case, it will be a complex number with a zero imaginary part. Therefore, mathematicians 

specifically stipulate in advance the field they work in – of real numbers or imaginary ones. 

     The complex number (1.1.4) can be considered on the plane of the Cartesian coordinate 

system as a vector that leaves origin of coordinates and ends at the point (x, y). Then any 

complex number can be represented in polar coordinates using the modulus of the vector and its 

polar angle: 

1 (cos sin )z x iy r i = + = +  (1.1.6) 

     Here φ is the polar angle, r is the polar radius (vector length), which is called the modulus of 

a complex number. The modulus of a complex number is: 

 

     The polar angle can also be easily found: 

,          (1.1.8) 
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where k is an integer number. The polar angle is sometimes referred to as the argument of a 

complex number. In most cases, the condition k = 0 is accepted. 

     The fact that complex numbers can be considered both in Cartesian coordinates and polar 

coordinates is their significant advantage over other numbers. 

     Two complex numbers are equal to each other if and only if their real and imaginary parts are 

equal to each other. 

And this means that, for example, the equality 

( ) ( ) ( )r i r i r r i iy iy F x ix f x if x+ = + = +  (1.1.9) 

should be considered as a more compact form of  two equations of real variables system 

recording: 

 

     Quite often this is also an important advantage – to present compactly complex systems of 

real variables equations. 

     And another conclusion results from this - any function of a complex variable can be 

represented as a two functions system - separately for the real part, separately for the imaginary 

part. To make it more convenient, the real part of the complex-valued function is denoted as Ref 

(z), while the imaginary part -as Imf (z). 

     The trigonometric form of a complex number recording (1.1.6) is especially convenient for 

multiplying complex numbers by each other. Suppose, for example, in addition to the complex 

number (1.6) there is another complex number: 

2 (cos sin )z i  = +  (1.1.11) 

     Let us calculate the product of one complex number z1 by another complex number z2 using 

their trigonometric form. Omitting the elementary 

conclusion, one can present the final result 

1 2 (cos sin ) (cos sin ) (cos( ) sin( ))z z r i i r i         = + + = + + + . (1.1.12) 

     This equation is known as the Moivre formula. Moivre's formula facilitates greatly such 

operations with complex numbers as exponentiation or root extraction from a complex number.  

Indeed, in order to find, for example, the square of a complex number, it is necessary to square 
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its modulus, and multiply the polar angle by two. And in order to raise it to the power of ¼, the 

modulus should be raised to the power of ¼, and the polar angle multiplied by ¼. 

     In 1748, L. Euler, in his book "Introduction to the 

Infinitesimal Analysis ", substantiated the formula that bears his name today, namely (Euler, 

1961, pp. 118-119): 

. (1.1.13) 

     Using Euler's formula, any complex number Z with  modulus r and argument φ can be written 

in the following exponential form: 

. (1.1.14) 

     This form of notation turns out to be even more convenient for performing mathematical 

operations with complex numbers. Indeed, using (1.1.14), we multiply again the complex 

number z1 by another complex number z2: 

( )

1 2

iz z r e   += . (1.1.15) 

     The modulus of a complex number can be represented in exponential form: 

. (1.1.16) 

     This makes it possible to represent the complex number (1.1.4) in the following form: 

       .  (1.1.17) 

     And this form of notation allows you to calculate the logarithms of a complex number. 

Indeed, taking into account the fact that the argument of the complex number (1.1.8) is 

determined up to a term that is a multiple of 2π, the logarithm of the complex number z can be 

calculated as follows: 

   (1.1.18) 

That is, the logarithm of a complex number is a periodic function. In practice, the 

principal value of the logarithm is usually used, taking k = 0. 

     While using the exponential notation of a complex number, one can perform more complex 

operations with complex numbers, for example, you can raise a complex number to a real power 

of a: 

cos sinie i  = +

iz re =

ln rr e=

ln r iz e +=

lnln ln( ) ln 2r iz e r i k  += = + +



( )a i a a iaz re r e = = .  (1.1.19) 

Moreover, when dealing with complex numbers it is possible to perform such a nontrivial 

action as raising them to an imaginary power ib: 

( )( ) ln( )ib i ib ib i ib b ib r iz re r e e e Re   −= = = = , (1.1.20) 

 Where  ;     lnbR e b r −= = . 

     Obviously, now it is also possible to raise a complex number to a complex power: 

ln ln ( ln )( ) ( )( ) ( )a ib i a ib a b ia ib r a r b i a b rz re r e e e e e    + + − − += = = . (1.1.21) 

     A complex number in a complex degree, as can be easily seen, is also a complex number, the 

modulus of which is 

lna r bR e −= , (1.1.22) 

and the argument is 

lna b r = + .  (1.1.23) 

It is not necessary to explain for a very long time that in the field of real numbers, similar 

actions will be extremely difficult. That is, we are convinced that with the help of mathematical 

operations with complex variables, it is quite simple to get results that are very difficult to obtain 

in the field of real variables. It is this very fact that predetermined such popularity of complex 

variables in natural and engineering sciences. 

Complex variable function 

,  (1.1.24) 

 is quite often referred to as a "complex-valued" one. And we will further use this word to 

mention that we are dealing with a function of a complex variable      

          The function (1.1.24) itself is defined as follows: it is a certain law according to which 

each point z from the set of acceptable values is associated with a certain point or a set of points 

w. It is not by chance that it is stipulated here that, according to the rule (1.1.24), not one point 

but several ones can correspond to one point z. Complex-valued functions can be very different 

     For example, the complex-valued function 

0 1( )( )r i r ry iy a ia x ix+ = + +  

( )w f z=



each point (xr + ixi) is associated with one and only one point (yr + iyi). Such functions are 

called single-valued (or univalent). 

     While the complex-valued function 

2( )r i r ry iy x ix+ = + .   (1.1.25) 

will be multiple-valued (multivalent). 

     Indeed, according to the law (1.1.25), two different complex numbers (0 + i) and (0-i) 

correspond to the same number (-1 + i0). 

     Therefore, when working with complex-valued functions, it is always necessary to understand 

that they can be multivalent.  

     Most often, in  economy, several indicators (more than two) depend on several factors (more 

than two). In fact, these are vector regressions. But I would really like to model this dependence 

using complex variables, that is, to connect by some mathematical equation a set of economic 

indicators with a set of factors influencing them - to use hypercomplex numbers. 

 But an attempt to introduce a system of numbers containing three imaginary units has not given 

any positive results. We succeeded in constructing a system of numbers with four imaginary 

units. In this case, the so-called system of quaternions is obtained, that is, numbers of the form: 

, (1.1.26) 

where  a,b,c,d – real numbers, i, j, k – imaginary units. 

     Actions with quaternions are complex in nature, which does not allow them to be actively 

used for any practical purposes. Quaternions still remain the area of idealized research, although 

scientific works of  applied nature have appeared, economics being among them Why is it 

difficult to work with quaternions? Because, for example, the commutativity property of 

multiplication does not hold in the field of quaternions. This results in curiosities. Thus, for the 

equation: 

  (1.1.27) 

there is an infinite number of roots: 

    , where.  

 (1.1.28) 

A a ib jc kd= + + +

X ip jq kr= + +

2 1 0x + =

2 2 2 1p q r+ + =



     Therefore, the obvious desire to describe the dependence of some complex indicator, presented 

in the form of a quaternion (1.1.26), on another economic indicator, presented in the form of 

another quaternion, is not yet fully feasible. 

 

 


