
2.5. Basic properties of complex-valued autoregression 
     We will not refer further to vector autoregressions and their variety - complex-valued vector 

autoregressions. We have shown that the use of complex variables and complex models opens up 

wide opportunities for practical use in short-term economic forecasting of vector autoregressions 

And that is enough. And now we should pay attention to the properties of the complex 

autoregression model CAR(p). 

    The first order autoregression model of a complex variable can be recorded as follows: 

1 2 0 1 1, 1 2, 1( )( )t t t ty iy a ia y iy− −+ = + +
 (2.5.1) 

It is relevant to remind here that the first order autoregression model of a real variable is 

recorded as follows: 

1t ty ay −=
. (2.5.2) 

And finally, it represents the following function: 

      0

t

ty a y=
. (2.5.3) 

The dynamic of variation of this exponential function in time is fully determined by the base 

coefficient of the function a. 

It is easy to show (Svetunkov, 2012) that similarly the complex-value auto regression model 

(2.5.1) can be represented as a power complex-valued function: 

0 1 0 0( ) ( )t

rt it r iy iy a ia y iy+ = + +
 (2.5.4) 

It is known that the power complex-value function is periodical and diverges in the form of a 

spiral with the exponent’s increase if the modulus of the base is higher than one, and converges 

along the spiral to zero if the complex- value modulus in the power base is lower than one.  

The stationarity requirement for such a model is that the model coefficients are within the 

following limits: 
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   (2.5.5) 

     But this is how the theoretical model behaves itself. In practice, a complex approximation 

error will play a significant role in the behavior of the model – after all, when modeling real 

processes, the right part of the model (2.5.1)   is substituted not with the calculated value, but 

with the actual value, contaminated by random errors. Therefore, the trajectories of the modeled 



processes can have a wide variety of forms, just as the most diverse trajectories are modeled by 

Markov processes, which are first-order autoregression of real variables (2.5.2). 

Understanding how CAR (1) autoregression will behave itself in the absence of random errors, 

let u's pay attention to one of its modifications: 

1 2 0 1 2, 1 1, 1
ˆ ˆ ( )( )t t t ty iy a ia y iy− −+ = + +

. (2.5.6) 

     In this modification, at each step of the time t change, the real and imaginary parts change 

places. More precisely, each variable refers to either the real or the imaginary part. Indeed, at 

time t , the first variable y1t  refers to the real part, and the second variable y2t refers to the 

imaginary part: (y1t+iy2t). At the previous moment of time it was vice versa, namely, the second 

variable y2t belonged to the real part, and the first variable y1t was in the imaginary part, that is, a 

complex variable of the following type was used: (y2,t-1+iy1,t-1)/ In its  turn, this variable was 

preceded by a complex variable, where again the first real variable y1t, belonged to the real part, 

and the second real variable y2t belonged to the imaginary part: 

 (y1, t-2+iy2,t-2), etc. 

     In order to understand how this model will behave in comparison with the original model 

(2.5.1), we will present both models in exponential form. 

     The standard model of complex autoregression (2.5.1) in exponential form is written as 

follows: 
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Здесь: 

2 2

1 2t t tR y y= +
,  (2.5.8) 

2 2

0 1aR a a= +
,  (2.5.9) 

2

1

t
t

t

y
arctg

y
 =

,  (2.5.10) 

1

0

a

a
arctg

a
 =

.   (2.5.11) 

      (2.5.7) provides an understanding of how the underlying CAR(p) model behaves. Since the 

polar angle of the model changes by the value φa at each step t:  



      1t a t   −= +
  (2.5.12), 

 then, when the polar angle of the coefficients φa is positive, the polar angle of the modeled 

numbers increases and the spiral, along which the numbers are modeled, turns counterclockwise. 

If, in this case, the modulus of the proportionality coefficient (2.5.9) is greater than one, then the 

spiral unwinds, and if it is less than one, then the spiral twists. 

     In the case when the polar angle of the coefficients φa is negative, the spiral unwinds (or 

twists, depending on the value of the coefficient modulus (2.5.9) in the opposite direction 

clockwise, since with each step the polar angle of the modeled complex indicator decreases by 

φa. 

     The model (2.5.6) is fundamentally different. And this follows from the exponential form of 

its notation 
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     Since the equality holds for polar angles,      

1t a t   −= +
, (2.5.15), 

 it can be noticed that:  

     1( )t a tctg arctg   −= +
   (2.5.16) 

If we consider the time behavior of a complex variable on a complex plane at φa=0, then the 

model (2.5.6) describes an original oscillatory process when the polar angle φt will take only two 

values: φ0 and φ1. 

     That is, we are faced with a model that behaves in an unconventional way. Therefore, it 

makes sense to study it in more detail. 

     Let us conduct a study for the simple case when 

      y1t+iy2t = 1+i, (2.5.17) 

 and the modulus of the complex coefficient is equal to one, for example, with such coefficients: 

         a0+ia1 = 0,7071+i0,7071.        (2.5.18) 



     In this case, the model generates only two points: 

yr                               yi 

1,000 1,000 

0,000 1,414 

1,000 1,000 

0,000 1,414 

 

     But as soon as we move from the calculated values to values clogged with a random 

component varying from -0.1 to +0.1 (that is, up to 10% of the initial level), this model begins to 

generate a variety of nonlinear and cyclical growth trajectories. By analogy with Markov 

processes, these processes can be called random wandering processes on the complex plane. The 

trajectories generated by this process are determined by random errors and may look, for 

example, as shown in Fig. 2.1. 

  

                 Figure 2.1. Random wandering process trajectory for the model (2.5.6) at y1t+iy2t = 

1+i и a0+ia1 = 0,7071+i0,7071 

     Here, the random wandering process begins at the point with coordinates (1,1) and rushes 

upward to the right in the first quadrant of the complex plane of variables. 

     For comparison, Figure 2.2 shows the process of random wandering on the complex plane for 

the basic autoregression model (2.5.1) with the same initial parameters. 
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Figure 2.2. Random wandering process trajectory for the model (2.5.1) at y1t+iy2t = 1+i и a0+ia1 

= 0,7071+i0,7071 

     The difference between the two models (2.5.1) and (2.5.6) is huge – the first model generates 

the trajectory of nonlinear oscillatory growth, the second model - oscillates around a circle. The 

direction of nonlinear cyclical growth, which is generated by the model (2.5.6), is determined by 

the signs at complex coefficients of proportionality, that is, by the polar angle of the complex 

proportionality coefficient. 

     In the case when the modulus of the complex proportionality coefficient of the model (2.5.6) 

is greater than one, the model (2.5.6) generates an increasing process with an increasing range of 

oscillations, for example, as shown in Fig. 2.3. 
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Figure 2.3. The trajectory of the model (2.5.6) at y1t+iy2t = 1+i and the modulus of the complex 

coefficient is greater than one - a0+ia1= 0,5500+i0,8930 

     If, under the same conditions, the modulus of the complex proportionality coefficient turns 

out to be less than one, for example, when a0+ia1 = -0,5-i0,8, then the model generates damped 

oscillations around a certain trajectory (Fig. 2.4) 

 

Figure 2.4. Trajectory of the model (2.5.6) at y1t+iy2t = 1+i and the modulus of the complex 

coefficient is less than one - a0+ia1 =-0,5-i0,8 

     If we simulate the process with such initial values for the standard complex autoregression, a 

process approaching the zero point along a nonlinear spiral will be obtained (Fig. 2.5). 

     

       Figure2.5. The trajectory of the model (2.5.1) at y1t+iy2t = 1+i and the modulus of the 

complex coefficient is less than one - a0+ia1 =-0,5-i0,8 
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       Fig. 2.5 shows that the model starts at the point with coordinates (1,1), and then consistently 

approaches a zero point. The model (2.5.6) under the same conditions, also starts from a point 

with coordinates (1,1), and the oscillation range of this model also decreases with an increase in 

the number of iterations. But the point to which this process tends is not zero, and for the 

example under consideration it is located in the second quadrant of the complex plane. 

Depending on the signs of the real and imaginary parts of the complex proportionality 

coefficient, this point will be located in different quadrants of the complex plane. 

     Since the model (2.5.6) generates quite different, but necessarily oscillatory trajectories, 

sometimes with unpredictable ranges of these oscillations, then this model, to distinguish it from 

other models, we will call the "drunkard model" and we will denote it for short as DCAR(p). 

    Concluding the paragraph, it should be pointed out that the model (2.5.6) is also a special case 

of vector autoregression, since in a vector form it can be represented as follows: 

 

2, 1 1, 11 0 1 1 0

1 0 0 12 1, 1 2, 1

ˆ

ˆ

t tt

t t t

y yy a a a a

a a a ay y y

− −

− −

   − −     
= =           
         . (2.5.19) 

Using the original complex-valued autoregression and its variant (2.5.6) together, it is possible to 

obtain a modification of the CAR(2) model with the possibility of modeling other economic 

processes: increasing, decreasing, oscillatory, linear, etc. 

This model will take this form: 

0 1 1 1 0 1 2 2
ˆ ˆ ( )( ) ( )( )rt it rt it it rty iy a ia y iy b ib y iy− − − −+ = + + + + +

. (2.5.20) 

 

2.6. Varieties of one-dimensional complex autoregressions 
     Previously integrated model autoregressions were presented in general form as follows: 

     
1 2 1( ) 2( ) 1 2

1

( ) ( )
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t t t t t ty iy F y iy i 
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   (2.6.1) 

     Here y1t and y2t are the real variables predicted at time t; 

     i - is an imaginary unit; 

     F - some complex-valued function; 

     τ - an autoregression lag;      

     p - autoregression order; 



       ɛ1t and ɛ2t - approximation errors of the first and second 

  variables at time t; 

     In our study, we will not refer to nonlinear models, but emphasize the linear autoregressions, 

which are denoted as CAR(p): 
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     where b0   and b1 are coefficients (free terms), reflecting the initial value of a complex series; 

 a0τ   and a0τ are proportionality coefficients. 

     In relation to autoregressive models, it is assumed that the free term can be taken equal to 

zero. Hereafter we will assume that the coefficients b0 and b1 are equal to zero. 

     Model (2.6.2) is a special case of a vector autoregression for a two-dimensional vector and 

simulates two variables and their mutual influence. 

Is it possible to transform this model to the one-dimensional case when  

only one variable is modeled and predicted?  

     There is such a possibility. 

     Complex variables in economics are formed so that these two variables reflected different 

sides of the same economic object or phenomenon, for example, labor and capital, which   reflect 

the cost of resources for production. Consequently, in order to use the model (2.6.2) to predict 

the indicator y1t, it is necessary to match it with some accompanying variable y2t, so that it is an 

additional characteristic of the predicted variable. 

     What are the options for setting the y2t variable as an additional characteristic of the y1t 

variable? Several variants can be proposed here, depending on the modeled and predicted 

variable y1t, but in general three basic forms may be acceptable: 

     1) complex autoregression with error, when y2t=ɛt. The error ɛt  characterizes  the features of 

the dynamics of the  series under consideration and the degree of its oscillation, therefore  it may 

well serve as an additional characteristic of the modeled series. With this in mind, the complex 

variable of the model (2.6.2) will be written as follows: (yt+iɛt), and the model itself will take this 

form: 
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Models of this kind will be denoted as CARE(p) 

     2) time complex autoregression, when y2t=t. Here, time acts not only as the series ordering 

index, but also as its active component. In this case the complex variable takes the form (yt+it), 

and the model will be like this: 
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     This model will be denoted as CTAR(p); 

     3) complex autoregression with increment, when y2t=Δy1t.The increment can be equal to zero, 

it can be positive or negative. It characterizes the trend of changes in the indicator at the last 

moment of observation and can act as its additional characteristic. The complex autoregression 

variable (2.6.2) will be written as follows: (yt+iΔyt). In this case, the model should be written in 

this form: 
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Such models of the genus will be denoted as GCAR(p). 

     The properties of each model, as well as the limits of their application in practice, we will 

consider in the following paragraphs. 

 

2.7. Autoregression model with CARE(p)  
     The CARE(p) model is a complex variable that includes in the real part the predicted indicator 

yt, and the approximation errors εt, attributed to its imaginary part. The very idea of such a 

complex variable was suggested as far back as in 2010 (Svetunkov I., 2011), when the complex-

valued form of the exponential smoothing model was presented: 

        (2.7.1) 

     Researches have shown that this complex-valued exponential smoothing model provides 

more accurate economic forecasts compared to exponential smoothing models of real variables. 

This is explained by the fact that the forecast value of the indicator takes into account not only 

( )( ) ( ) ( )( )( )1 1 0 1 0 1
ˆ ˆ ˆ ˆ1t+ t+ t t t ty +iε = α +iα y +iε + +i α +iα y +iε−
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the previous values of the variable itself, but also current and past approximation errors of a 

model. This conclusion was confirmed in 2015 (Svetunkov, Kourentzes, 2015). 

     The complex variable in autoregression can be represented:  

     1) in a simple form as (yt+iεt), where εt is the current approximation error; 

     2) in the form when not the current approximation error is used, but the previous error: 

(yt+iε(t-g)), where g – is some error lag. Such model representation assumes that the model learns 

from the past errors, not from the current ones; 

     3) in a form that is nonlinear with respect to the approximation error: (yt+if(εt)), where f(εt) – 

can take the forms specified by the researcher. 

     In the first case, linear with respect to the approximation error, the CARE(p) model will have 

the following form: 

0 1

1

ˆˆ ( )( )
p

t t t ty i a ia y i   



 − −

=

+ = + +
.   (2.7.2) 

     The CARE(p) model is a complex-valued equality. It can be represented as a system of two 

equalities of real variables – a separate equality for the real component of the left and right parts 

(2.7.2) and a separate equality for the imaginary component of the left and right parts (2.7.2). We 

will get: 
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     Then, for the real part of the complex-valued model (2.7.2) we have: 
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     And for the imaginary part of this model: 
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     Thus, in economic forecasting, in addition to the general model CARE(p)  (2.7.2), two more 

independent models that differ from each other can be used: ReCARE(p) and ImCARE(p)  

(Svetunkov, 2020b). 

     The practical application of the model (2.7.4) is obvious - it can be considered as a special 

case of the well-known ARMA(p,q) autoregression model. The ARMA(p,q) model has the 

following form: 
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     It can be noted that the models (2.7.4) and (2.7.6) will coincide in the case when p=q. The 

sign before the second sum of the right parts of these models (in the model (2.7.5) is negative, 

and in the model (2.7.6) - positive) is determined automatically when evaluating the coefficients 

of the models, therefore it is not a fundamental difference between the models from each other. 

     But an important difference between the ReCARE(p)  model and the ARMA(p,p) model is that 

in (2.7.4) both terms are parts of a single whole and are evaluated simultaneously. And in the 

model (2.7.6), a  relationship between the first part  of  AR(p)  and the second part  of MA(q) is 

assumed (Box, Jenkins, 2015), as a result of which the coefficients  a0τ determine the values of 

the coefficients  a1τ  and vice versa. This predetermines the need to use an iterative method for 

finding the coefficients of the model (2.7.6). 

     One of the difficulties of practical use of ARMA(p,q)  is that there is still no generally 

accepted satisfactory solution to the problem of determining the lags of  p and q. To do this, 

autocorrelation and partial autocorrelation functions for the variables are used. The general 

principle of constructing the ARMA(p,q) model is as follows. Since the variables εt are 

unobservable, the coefficients of the component AR(p) are first evaluated. With the help of this 

model, the residuals of εt are calculated. Their analysis allows us to determine the value of the 

lag q. And since the researcher has both the values of the variable yt, and the values of the 

variable εt, at his disposal, it makes possible to evaluate all the coefficients of the model 

ARMA(p,q) (2.7.6).The model describes the  initial data  yt  with new approximation errors  εt. 

Using the original data on the variables yt and the new approximation errors εt, the model 

coefficients are re-evaluated and so goes on until the residuals εt  cease to change with some 

predetermined accuracy. In this procedure, many problems result precisely from the definition of 

lags p and q.  



     However, with the development of computational capabilities of modern computers, another 

procedure is increasingly used in practice, namely, the procedure for automatic evaluation of 

ARMA(p,q) coefficients. For this purpose, by increasing sequentially the lags p and q, 

coefficients are calculated for each model (2.7.6), after that, based on the variance of the 

approximation error and the number of coefficients, an information criterion (AIC or BIC) is 

calculated and the best model with the appropriate lags p and q, is selected by the criterion of the 

minimum of this information criterion. In this case, the ReCARE(p) model, which is chosen in 

this way, can be considered as a special case of the ARMA(p,q) model. 

     Any model describes a real series with some error: 

ˆ ˆ
t t t t t ty y y y = + → = −

.   (2.7.7) 

     And the task of estimating the coefficients of this model is most often reduced to minimizing 

the sum of the squares of this error. For the ReCARE(p) model, this error is equal to 
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     The sum of squares (2.7.8) can be minimized using any numerical methods. Therefore, the 

problem is easily solved. 

     In the ImCARE(p) (2.7.5) model, some estimate of the predicted approximation error is 

calculated, which is described by the error μt: 

     
ˆ

t t t  = −
.    (2.7.9) 

     And in this case, the problem is reduced to a simple solution: the sum of the squares of this 

remainder should be minimized: 
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     At the same time, we are faced with such a situation: 

      - if we minimize the sum of squares (2.7.8), then the errors (2.7.9) will be very large; 

     - if we minimize the sum of squares (2.7.10), then the approximation errors of the original 

series (2.7.7) will be large. 

     Since it is the yt series that is predicted, preference should be given to ReCARE(p) model. The 

characteristics calculated using the  ImCARE(p) model can serve as some additional 



characteristic of the predicted process, but its meaning is not yet obvious, and we will postpone 

the study of the ImCARE(p) model for the future. 

     The original CARE(p)  model itself describes the initial series of values with a complex 

approximation error: 
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     Using a complex LCM for this task, we will obtain such a system of normal equations, the 

solution of which will allow us to estimate the coefficients of the CARE(p) model (Svetunkov, 

2012): 
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   (2.7.12) 

 

      Since the errors of εt are not observed, it is possible to solve this system only with the help of 

numerical methods. But, in our opinion, there is no need in finding the coefficients of the model 

in this way – it is quite enough to use the ReCARE(p) model. 

It is easy to notice that the ReCARE(p) model turns into an ordinary autoregression model AR(p) 

if the coefficient a1τ becomes equal to zero. 

In all other cases, the ReCARE(p) model will differ from AR(p) and give more accurate forecasts, 

since it also takes into account previous errors. 

     Nikolai Pitukhin, for example, compared the accuracy of the retro-forecast of these two 

models, by changing the order of autoregression p from one to ten on the example of a 

decreasing series of excavators produced in Russia from 1990 to 2018. The results of his 

calculations are given in Table 2.5. The mean-square deviation (MSD) of the retro-forecast error 

by one step was chosen as the criterion for the accuracy of the retro-forecast. 

                                                                                                  Table 2.5. 

Comparison of the retro-forecast accuracy of the ReCARE(p) and AR(p)models 



Autoregression 

order, p 

MSD for the AR(p) 

model 

 

MSD for the 

ReCARE(p)model 

  

% of MSD 

reduction  

 

1 1021,8 703,9 31,1 

2 693,6 562,9 18,9 

3 608,0 510,8 16,0 

4 582,6 524,3 10,0 

5 595,0 444,5 25,3 

6 564,4 367,2 34,9 

7 569,6 399,6 29,8 

8 511,0 312,0 39,0 

9 512,2 204,5 60,1 

10 515,7 357,5 30,7 

 

       As expected, ReCARE(p) model has always proved to be more accurate than the AR(p) 

model. The same results were obtained for other data series. 

Yulia Selivanova, Galina Siruk and Nazira Shaikhleeva performed calculations comparing the 

accuracy of the ReCARE(p) and AR(p) retro-forecasts with each other on the database of the 

International Institute of Forecasters. For this purpose, 60 different dynamic series of different 

lengths and different indicators were used. Only in 18.2% of cases, the ReCARE(p)  and AR(p) 

models showed the same accuracy in forecasting. 

For all these cases a1τ ≈0. But in all other 82% of cases, this coefficient is different from zero, 

and the more modulo it is greater than zero, the more accurate the ReCARE(p) model is 

compared to AR(p). In 3 cases out of 60, the improvement in the forecast accuracy of the 

ReCARE(p) model compared to AR(p) was over 65%. 

 



2.8. The model with a ReCARE(p,g)  shift 
     The complex variable in CARE(p) can be represented in the form when not the current 

approximation error is used, but the previous error: (yt+iε(t-g)), where g is some error lag. This 

representation of the model assumes that the model learns from the past errors rather than the 

current ones. For such a model we get: 
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This model will be hereafter denoted as CARE(p,g).     

        In the case when equality g=0 is satisfied for the ReCARE(p,g)  model, it turns into the 

ReCARE(p) model. It follows from this that the ReCARE(p,g) model is the most common in this 

class of models. 

     Unlike the ReCARE(p) model, it is assumed here that the current value of the predicted 

indicator is influenced by the approximation errors shifted by g observations backwards, but the 

number of value pairs of the indicator yt and the error εt is equal to each other and is p values. 

That is, in such a model the elements of the cyclical development influence of the series 

(seasonality) are laid down, which are met quite often. This seasonality is reflected by the 

repeatability of the influence of the εt-g error on the current value of the variable yt.  

     This complex-valued model has real and imaginary parts. The real part of the model (2.8.1) 

will take the form:  
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and the imaginary part of the model is as follows: 
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It is difficult to imagine the practical application of the imaginary part (2.8.3) of this model, but 

the real part of the model (2.8.2) can be successfully used in practice of short-term economic 

forecasting 

     At any p and g values of the ARMA(p,q) model, it does not become the ReCARE(p,g).model. 

This is the original autoregression model. The model (2.8.2) will coincide with the ARMA(p,q) 

model, only when the double equality is satisfied: g=0  and p=q. In all other cases, the 

ReCARE(p,g) and ARMA(p,q) models differ from each other. 



      Therefore, it makes sense to compare the behavior of the model (2.8.2) and the ARMA(p,q) 

model. And if the new model shows no worse approximation properties or prognostic properties 

than the ARMA(p,q) model, then it can be recommended for short-term economic forecasting 

purposes. 

     For the model (2.8.2) ReCARE(p,g), regardless of the shift of g, it is necessary to find  2*p  

unknown coefficients, since pairs of complex variables are considered in (2.8.1). The ARMA(p,q) 

model contains p+q unknown coefficients. So, in the general case, the best model for the 

forecasting series, ReCARE(p,g), may have a different number of coefficients than the best 

forecasting  model for the same series ARMA(p,q).  

     Let us first compare the approximation abilities of the models ReCARE(p,g)  and ARMA(p,q). 

We will use for this series № 2830, selected at random from the database of the International 

Institute of Forecasters. In order for the models to have the same starting conditions, ɛ1=0 was 

adopted for all models. Consistently increasing the order of p, and for ARMA(p,q) models also q, 

the values of the AIC and BIC criteria were calculated and the models with minimal values of 

these criteria were selected. For the ReCARE(p,g)  model optimization was also carried out for 

the  g shift. 

     The results of calculations are given in Table 2.7. From the set of models, the characteristics 

of the two best models from the ARMA (p, q) class and the two best models from the ReCARE 

(p, g) class are given here. 

                                                                                              Table 2.7.  

            Comparative accuracy of ARMA (p, q) and ReCARE (p, g) models 

                            Model type σ AIC BIC 

Models ARMA(p,q) 

ARIMA (4,4)  100,815 9,410 9,648 

ARIMA (5,4) 100,276 9,687 9,422 

Models ReCARE (p,g) 

ReCARE (4,2) 93,382 9,261 9,501 

ReCARE (6,3) 88,455 9,245 9,599 

 



     Let us first consider the first part of the table, which shows the characteristics of the two best 

models from the ARMA(p,q) class. It can be seen that the ARMA (4,4) model is the best in its 

class according to the value of the AIC information criterion.  And the model ARMA (5,4) is the 

best on the Bayesian information criterion BIC. Since the standard deviation of the  

approximation error of this model is less than that of the model ARMA (4,4), then the ARMA 

(5,4) model should be preferred for approximation. 

     The second part of the table contains characteristics of the two best models in the 

ReCARE(p,g)  family - ReCARE(4,2) and  ReCARE(6,3). 

The ReCARE (4,2) model is the best according to the BIC information criterion, which is known 

to be more sensitive to the increase in the number of coefficients. The ReCARE (4,2) model 

contains 4*2=8 unknown coefficients, and the ReCARE (6,3) model contains 6*2=12 unknown 

coefficients. 

The Akaike Information Criterion (AIC) gives preference to another model - ReCARE (6,3), 

which, moreover, turned out to be the best among all the models under consideration by the 

value of the mean-square deviation (MSD) of the approximation error. 

      If we now compare with each other the best models in each class in terms of approximation 

accuracy, the ReCARE (6,3) model will approximate the original series by 13,3 % more 

accurately than the ARMA (5,4) model. And this is a very serious increase in the accuracy of 

approximation. Note also that in the RECARE (6,3) model 12 coefficients were estimated, and 

the in ARMA (5,4) model 9 coefficients were estimated. The complication of the model is 

obvious. 

      In the example under consideration, the models of the new class demonstrate their preference 

over the models of the ARMA(p,q) class. 

The accuracy of the approximation error is an important indicator that testifies in favor of the 

new model of short-term forecasting, but, as it is known from economic practice, by no means 

always the best model in approximation is the best one in forecasting. And we are interested in 

the possibility of using the new model for the purposes of short-term forecasting in economy. 

That is why, the models of the ARMA(p,q) family should be  compared with the models of the 

ReCARE(p, g) family in terms of  retro-forecasting accuracy, and the  information criteria  values 

will be needed only as some additional characteristic of the models. 

     We will use the same base series of 104 observations. Now let us divide it into two parts – the 

training and the verification ones. The first 85 observations of the training set of values will be 



used to calculate the coefficients of the models of the two compared types - ARMA(p,q) and  

ReCARE(p,g). And the last 19 observations of the series will be used as a test set for each of 

these models. On these latter values, short-term forecasts for one step will be performed using 

the models estimated on the training set: first on the 86th observation, then on the 87th 

observation, etc. until the last 104th observation. 

     The predicted values were compared with the real values, and the retro-forecast error was 

calculated. Just as in the case of comparing the approximation accuracy of ARMA(p,q) and  

ReCARE(p,g) models, we will choose two best models of each type that show the smallest 

variance of the retro-forecast error on the check set. These results are shown in Table 2.8. 

                                                                                                        Table 2.8.  

Comparative accuracy of retro-forecast of ARMA(p,q) and ReCARE(p,g) models  

Model type Results of approximation on the 

training set 

MSD of retro-forecast error on the 

check set 

σ AIC BIC 

Models ARMA(p,q) 

ARMA (5,1)  121,913 8,867 9,060 117,275 

ARMA (3,1) 125,071 9,117 9,284 118,661 

Models ReCARE (p,g) 

ReCARE 

(5,4) 
95,1161 

8,512 8,379 
111,619 

ReCARE 

(1,3) 
126,530 

9,068 9,152 
116,275 

 

           It can be seen from the table 2.8 that the best-in-class model, ReCARE (5,4), predicts 19 

recent observations with a minimal retro-forecast error, since for it the standard deviation is σ 

=111,619.  At the same time, the best ARMA (5,1) model in the compared class of ARMA(p,q) 

models gives a higher MSD  of the retro-forecast  error, namely σ =117,275. This is 5% more 

than the ReCARE (5,4) model. And a five percent increase in forecast accuracy is a significant 

value. 



     It is also interesting that the ReCARE (5,4) model turned out to be the best in approximating 

the past 85 values – its MSD is 24% less than that of the best model in the ARMA(p,q) class. This 

is such a serious value that all information criteria give preference to the ReCARE (5,4) model, 

despite the fact that for its use it is necessary to estimate 5*2=10 unknown coefficients, while the 

best ARMA (5,1) model has only 5+1=6 unknown coefficients. 

      It is interesting, that for the entire series considered as an example, consisting of 104 

observations, the optimal shift g turned out to be equal to 3 (Table 2.7), and from the position of 

retro-forecasting on the last 19 observations of this series, the optimal error shift g turned out to 

be equal to 4 (Table 2.8). As you can see, they are close to each other and this means that the 

series itself is characterized by some delay in the effect of the error on the current result. Since 

we do not know what kind of series is represented in the database under the number 2830, we 

cannot give an economic interpretation to this phenomenon. 

     So, we see that both from the standpoint of the best approximation of the original series, and 

from the position of retro-forecasting, the new ReCARE(p,g) model turned out to be better than 

the well-known   model ARMA(p,q). Of course, it does not follow from this that the models of 

this class will always be more accurate than ARMA(p,q) models. For a given randomly selected 

series, it turned out to be better, and for another series it could be worse. 

      But now we can already conclude that the ReCARE(p,g) model can occupy the same place in 

the tools of short-term economic forecasting as the class  of ARMA(p,q)  models, acting in some 

cases as a more successful alternative to  the models of this class. 

 

 

2.9. Models with nonlinear errors 
     The ARMA(p,q) model has many subspecies and subclasses. One of them is NARMA(p,q) - 

nonlinear autoregressive models. In the models of this subclass, the variable models are 

nonlinear – exogenous or endogenous - depending on the form of the model. 

     Our approach assumes the possibility of constructing not only similar nonlinear NCARE (p,g) 

models, but also a new subclass of models in which the nonlinear effect is exerted by the error εt. 

Since in the original CARE(p) model we consider this error as an additional characteristic of the 

simulated process, this characteristic can take different forms, including nonlinear ones, that is, 

the original complex variable will be represented as follows: (y1t+if(εt)).  Substituting this 

variable into the CARE(p), model, we get: 
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     To distinguish this model from other models of the family under consideration, let us name it 

the CARNE(p) model. 

     And again, we should consider the complex-valued form of the recording (2.9.1) as a more 

compact form of two equalities system recording - the real and imaginary parts of this model: 
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   (2.9.2) 

   The real part of the model is of obvious interest, namely - ReCARNE(p):  
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     Consider the properties of this model. 

     Since approximation errors have positive, negative and zero values, not every function f(εt) 

can be used in this model, for example, a logarithmic function cannot be used, since the domain 

of the function definition is the set of all positive numbers. 

      The simplest representation in the model (2.9.1), and hence in the model (2.9.3), the function 

from the approximation error is the power function: 
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     Then the model (2.9.3) will take the form: 
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     If in the model (2.9.5) the exponent is α=1, then we have the CARE(p) model, and in all other 

cases, models other than it will be obtained. Therefore, the CARNE(p) model and its real part 

(2.9.5) are more general models that include the CARE(p) model and its real part ReCARE(p). 

     The exponent α distinguishes the new model and, depending on its values, the properties of 

the model change. 



     In the case when the forecaster examines a stationary process, the approximation error εt 

becomes comparable in scale with the values of the simulated series yt. Therefore, using as an 

exponent α a series of natural numbers following one n=2, 3,... results in  a sharp increase in the 

calculated values and the model goes "out of order".  This is caused by the nature of 

autoregression. For this reason, this kind of the task of a model exponent has to be abandoned. 

     Another way of setting the exponent of the model, when the degree is fractional, can be used, 

for example: 

      
1/( ) n

t tf   − −=
.   (2.9.6) 

     Here n - are the natural series numbers. 

      One should Immediately note that for even values of the natural series we have a peculiar 

feature. Since approximation errors (or, as they are sometimes otherwise called, residuals) can be 

both positive and negative, in the case of even values of n, real (with non-negative errors of εt) 

and imaginary numbers (with negative errors of εt) will be generated. The model becomes 

unusual. We will consider this feature a little later. And now we will pay attention to the model  

1/
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which has n=3,5,7,… 

     In this model, the approximation error is taken into account to a lesser extent than in the 

ReCARE(p) model, since the root of the 1/nth power is calculated from the approximation error, 

after which this value is substituted into the model. That is, the influence of the approximation 

error on the simulated result is significantly reduced, and the model becomes less sensitive to it. 

Sometimes it will be an advantage, sometimes it will be a disadvantage. 

     Let us compare the of ReCARE(p) and ReCARNE(p) models for different cases of setting the 

exponent in (2.9.7) on a practical example. We will use another set of data to compare these 

models. Earlier, we used series  № 2830, and now we use   series № 2831 following it in the 

database. It also has 104 values, as well as the series № 2830, so we do not lose anything from 

the standpoint of representativeness. The results of the calculations are given in Table 2.9. 

                                                                                                 Table 2.9.  

Comparative approximation accuracy of the series № 2831 by the ReCARE(p) and ReCARNE(p) 

models  



 

Lag 

p 

Model 

ReCARE(p) 

Model ReCARNE(p) (2.9.7) with 1/n equal to: 

  

 

1/3 

 

 

1/5 

 

 

1/7 

 

 

1/9 

 

σ BIC σ BIC σ BIC σ BIC σ BIC 

1 693,279 13,220 784,130 13,466 792,950 13,489 801,724 13,511 792,694 13,488 

2 725,047 13,311 766,168 13,421 766,079 13,421 764,766 13,417 764,473 13,417 

3 721,417 13,302 733,496 13,335 720,295 13,299 730,633 13,327 734,859 13,339 

4 722,288 13,305 712,012 13,277 706,471 13,261 715,797 13,287 719,579 13,298 

5 724,495 13,312 743,862 13,365 714,215 13,284 703,718 13,254 699,469 13,242 

6 727,046 13,321 722,055 13,307 721,837 13,306 727,947 13,323 732,073 13,334 

   

   Once again, I would like to draw your attention to the fact that at α =1, the model ReCARNE(p) 

turns into the model ReCARE(p). 

     In the table, the best values of indicators for each of the models are highlighted in bold. It can 

be seen that the ReCARE (1) model turned out to be more accurate than other models in the 

original series approximation, and from the standpoint of the information criterion, it turned out 

to be the best. However, it can be noted that the model ReCARNE(5)  is already quite 

competitive with the  model ReCARE(1). Moreover, as follows from the results of table 2.4.1, 

with the growth of n, the accuracy of the model also increases (2.9.7). This gives grounds to 

assume that for the considered series with the growth of n, it is possible to construct such a 

model that will be more accurate than the ReCARE (1). model. And this hypothesis was 

corroborated, which follows from the data in Table 2.10: 

                                                                                           Table 2.10.  

Comparative accuracy of approximation series No. 2831 by the models ReCARE(p)and                                                 

 ReCARNE(p) 



Lag, p Model ReCARE(p) Model ReCARNE(p) (2.9.6) at 1/n equal to: 

 

1/15 

 

 

1/17 

 

σ BIC σ BIC σ BIC 

1 693,279 13,220 794,627 13,493 794,895 13,494 

2 725,047 13,311 764,194 13,416 764,672 13,417 

3 721,417 13,302 734,135 13,337 735,058 13,339 

4 722,288 13,305 727,184 13,319 728,339 13,322 

5 724,495 13,312 691,711 13,219 691,820 13,220 

6 727,046 13,321 735,895 13,345 736,197 13,346 

 

       Thus, for the data series under consideration the optimal model both from the position of 

approximation error and from the position of the information criterion was the model of 

following type:   
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      It is well known that far from always when the best model from the approximation point of 

view will perfectly predict the series described. 

Therefore, when analyzing the possibility of using a new model with nonlinear errors, it is 

necessary to check how much it can be used in forecasting. 

     To verify this possibility, we will use the same series № 2831, which consists of 104 

observations. Again, we will divide it into two parts - a training and a testing ones. Based on the 

first 72 observations of the training set of values, the coefficients of the models of the two types 

being compared - ARMA(p,q) and ReCARE(p,g). - will be calculated. And the last 32 

observations of the series will be used as a test set for the retro-forecast accuracy for each of 

these models. On these last values, short-term forecasts for one step will be performed using the 

models estimated on the training set of models:  first on the 73rd observation, then on the 74th 

observation, etc. until the last 104th observation. Then, the predicted values are subtracted from 



the actual values of the test set and the MSD errors of the retro-forecast on the test set σf are 

calculated. To understand the properties of the model, the MSD of the approximation error σ on 

the training set was calculated. 

The results of these calculations are recorded in Table 2.11. 

                                                                                     Table 2.11. 

Comparative accuracy of the retro-forecast for the series No. 2831 by the models                   

ReCARE(p) and ReCARNE(p) 

 

 

Lag, 

p 

Model 

ReCARE(p) 

Model ReCARNE(p) (2.9.6) at 1/n equal to: 

 

1/3 

 

 

1/5 

 

 

1/7 

 

 

1/9 

 

σ σf σ σf σ σf σ σf σ σf 

1 734,742 6826,821 860,526 621,865 869,646 628,912 879,571 629,687 870,685 632,682 

2 770,670 736,621 826,828 676,411 826,313 677,804 826,571 668,526 826,451 672,004 

3 762,279 760,198 787,891 652,227 782,001 613,011 803,485 659,061 805,725 617,513 

4 766,992 773,879 741,090 697,681 733,624 724,195 736,586 726,294 751,129 686,260 

5 735,628 926,495 777,610 687,691 740,946 763,679 748,335 634,481 742,979 704,784 

6 740,710 784,822 749,599 756,271 747,825 794,749 765,297 734,374 762,374 782,512 

 

     From the results given in Table 2.11, it can be seen that the ReCARNE(3)  model with an 

exponent of 1/5 was the best in terms of accurate short-term forecasting for the series in 

question. At the same time, the results of the retro-forecast using the ReCARE (1) model were 

incredibly bad: the MSD of the retro-forecast turned out to be 6826,821, which is eleven times 

more than the MSD of the retro-forecast of the ReCARE (3) model with an error rate of 1/5. How 

this happened can be seen in Figure 2.7. 



      The model, as you can see from the figure, described the training set up to 72 observations 

fairly well. But some of the input data volatility, starting from 73 to 79, the model did not "bear" 

- it went “out of order” and began to lift up 

      

      Fig. 2.7. The initial yt series and the calculated values of the ReCARE (1) model.  

By the way. And the ReCARNE(5) model with the exponent for the approximation error equal to 

1/15, which showed the best result in Table 2.10, also turned out to be not the best from the 

standpoint of retro-forecasting on the test set. Table 2.12 shows the retro-forecasting  results of 

this model and the model with an exponent of 1/17 compared to the best ReCARNE(3) model 

with an exponent of 1/5. 

                                                                                            Table 2.12. 

 Comparative accuracy of the retro-forecast for series № 2831 by ReCARNE(p) models 

 Lag, p Model ReCARNE(p) (2.9.6) at 1/n equal to: 

 

1/5 

 

 

1/15 

 

1/17 

σ σf σ σf σ σf 

1 869,646 628,912 871,368 684,068 872,575 645,236 

2 826,313 677,804 826,481 674,935 826,476 674,602 



3 782,001 613,011 795,369 661,705 796,434 666,663 

4 733,624 724,195 762,254 720,519 757,440 737,850 

5 740,946 763,679 739,392 658,642 737,350 676,733 

6 747,825 794,749 767,229 784,903 764,740 805,294 

 

     Series № 2831 was taken by us at random to demonstrate the properties of the ReCARNE(p) 

model. We did not set the task of finding the best forecast model for this series and performing a 

short-term economic forecast. And the fact that the model, which is nonlinear by mistake, 

demonstrates good properties both in approximation and forecasting, indicates the possibility of 

using these models in practice. 

     Here attention should be drawn to the fact that the exponent α of the model (2.9.5) can take 

not only positive fractional values, as shown in (2.9.7), but also negative values: 
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     It is important that here, as in (2.9.7), only odd values are chosen from the natural series n: 1, 

3, 5, 7, … 

      Since the negative degree to which the approximation error is raised means that the error 

moves to the numerator, it is possible in this case to raise it in the numerator to a negative odd 

degree: 

( 1), ( 3), ( 5), ( 7), ( 9),... = − − − − −
   (2.9.9) 

   Thus, in the model (2.9.5), the exponent α can take the following values 

1 1 1 1 1 1 1 1
, , , ,...,0,..., ( ), ( ), ( ), ( ), ( 1), ( 3), ( 5),...

3 5 7 9 9 7 5 3
− − − − − − −

   (2.9.10) 

     And, by choosing the best approximation error index from this set of values, one can make 

additional "tuning" of the perfect ReCARE(p) model, turning it into ReCARNE(p), if it turns out 

to be appropriate.  

     Similarly, we can specify the model   ReCARE(p,g) by transforming it into the nonlinear 

model ReCARNE(p,g) with respect to the approximation error. Since there are no difficulties 

with such a transformation, we will not dwell on it in more detail. 


